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Motivation
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o Prove equivalence of programs w/local variables
using Kleene algebra with tests (KAT)

swap(x,y) swap(x,V)

{ 0 {

t = X - X 1= X + Yy
X =Y — y 1= X - Y
y =t X 1= X - VY

} }



Goals
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o Define notion of local variable scoping with
semantics based on binary relations that 1s:

o Purely compositional
o Fully abstract
o Able to capture contextual considerations

o Provide axioms to prove equivalence under with
local variables and no context



(Lots of) Related Work
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o Meyer & Sieber: Using store model of Halpern-
Meyer-Trakhtenbrot to prove equivalence of
ALGOL programs

o Mason & Talcott: Contextual assertions for
reasoning with context and semantic reasoning

o Pitts: Equivalence of ML programs with references
using operational semantics

o Operational semantics, denotational semantics,
game semantics,...



Relational Semantics
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Domain of computation: first-order structure 2 over
signature >

Partial Valuation f: Var — 12l
Domain of f: dom f
Environment: Stack of partial valuations o, 7

e f :: 0: environment with hgad fand tailo

* Shapeof fi :: -+ fi: U dom f;
i=1



Programs
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* Binary relations on environments

 Built inductively from atomic programs and tests
®* Atomic programs x .=t
* Operators: +, ;, *

e Simpler to work with than while and 1 £
programming constructs



Scoping Expression
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let x1 =t1,...,2, =%, In p end

* Pushes new partial valuation onto environment
* Domain: {x1,...,T,}

 Initial values are values of ¢, ..., t, evaluated in
old environment

* Shadow any occurrences of variables further down
the stack

* Pop partial valuation when leaving scope



Evaluating a Variable
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 Evaluating an undefined variable: no input/output
pair 1n relational semantics

®* Rebinding operator on partial valuations

f(y), if y € dom f and y # =,
flx/al(y) = ¢ a, if y € dom f and y = «,
undefined, if y ¢ dom f.
f(x), if o =f:7andx € dom f,
o(x) =< 7(x), if o =f:7and x € dom f,
undefined, if o0 =e.
fle/a| =7, ifo=f:7and z € dom f,
olx/al| =< furTlx/al, ifo=f:7and z & dom f,
€, if 0 =e.



Evaluating a Program
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[z :=1t]1 = {(0,0|x/0o(t)]) | o(t) and o(x) are defined}

Llet x1 =t1,...,2, = t, in p end]
= {(o,tail(7)) | o(t;) is defined, 1 < i <n, and (f :: o,7) € [pl}

o f1s the environment such that f(x;) = o(t;), I <i<n

o Semantics for +, ;, and * are union, relational
composition, and reflexive transitive closure,

respectively



Evaluating Tests

CR(t1,...,t,)]

= {(0,0) | o(t;) is defined, 1 < i <n, and A, 0 E -R(t1,...,tn)}

o Not classical negation (does not contain states in
which o(t;) 1S undefined)

o Need to have test for undefined variables

[undefined(x)] = {(o,0) | oc(x) is undefined}.



Short-Circuit Boolean Ops
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Lo && 1 = [l N [Y]
[o || ] = [l U ([eln [y])
[N && )] = [l U (Ll N [yvl) = e || Y]
[Nl v)I = [eln [l = e && W]

el = [l



let x=1 1n x:=y+2z;
let y=x+2 1n y:=y+z;
Yy =X

end
(Y

z:=y+1 end;

= 5,2 = 20)



Example

let x=1 1n x:=y+2z;
let y=x+2 1n y:=y+z;
Yy =X

end
(Y
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Example

let x=1 1in x:=y+z;
let y=x+2 1n y:=y+z;
Yy =X

end
(Y

(X = 1)s: (Y
(X = 25)::(y

z:=y+1 end;
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let x=1 1n x:=y+2z;
let y=x+2 1n y:=y+z;
Yy =X
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let x=1 1n xX:=y+z;
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let x=1 1n xX:=y+z;
let y=x+2 1n y:=y+z;
Y :=X

end
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let x=1 1n x:=y+2z;
let y=x+2 1n y:=y+z; z:=y+1 end;

Y =X
end
(X = 1)::(y = 5,2 = 20)
(X = 25)::(y = 5,2 = 20)
(y = 27)::(x = 25)::(y = 5,2 = 20)
(y = 47)::(x = 25)::(y = 5,2 = 20)
(y = 47)::(x = 25)::(y = 5,2 = 48)
(X = 25)::(y = 5,2 = 48)
(X = 25)::(y = 25,z = 48)
(y = 25,2z = 48)



Axioms & Properties
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o If the y; are distinct and do not occurin p, I <i <n,
then the following two programs are equivalent:

let x1 =t¢1,..., 2, =1, In p end
let y1 =t1,...,Yn =t in plzy/y; |1 < i < n] end
o If y does not occur 1n s, ttitpae:
let t =sinlet y =% in p end end

let y =t[x/s| inlet x = s in p end end

o If x does not occur 1n s, ttitpae:
let t =sinlet y=1% in p end end
let x = s in let y = t|x/s| in p end end



Axioms & Properties
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o If x; does not occur 1n 12,...,1,, ttitpae:
let x4 =t1,...,2, =1, In p end
let x1 =t Inlet 29 =t5,..., 2, =1, In p end end

o If t1s a closed term, ttitpae:
skip let © = ¢ In skip end

o If x does not occur 1n p,r, ttitpae:
p;let x =1 In g end;r let x =% In p;q;r end

o If x does not occur 1n p and 7 1s closed, ttftpae:

p+let x =1t in q end let =t in p+ q end



Axioms & Properties
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o If x does not occur 1n ¢, ttitpae for any closed a:

(let z =t in pend)® let z =ain (z:=t;p)* end
o If x does not occur in t and a 1s closed, ttitpae:
let x =t In p end let x = a in x :=t;p end

o If x does not occur 1n t, ttitpae:

let x =sinpend;x =t x:=s;p;x =1

o The axioms are sound with respect to the binary
relation semantics



Axioms & Properties
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o For any permutation 77 : {1,...,n}—{1,...,n}, titpae:

let x4 =t1,...,2, =%, In p end
let Tr(1) = bn(1)s- -5 Tr(n) = bx(n) in p end

o If x does not occur in p, and 1if t 1s a closed term,
ttitpae:
D let £ =t in p end



Flattening (Globahzatlon)
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1. Apply a-conversion to both programs to make
bound variables unique

2. Let x;,....x, be all bound variables in either
program. Use axioms to get both programs to the
form

let x1=a,...,x,=a In p end

let x1=a,...,x,,=a In g end
where a 1s a closed term; p and g have no scoping
expressions



Equivalence
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For p,q with no scoping and a a closed term, the two programs

let x1=a,...,x,,=a In p end
let x1=a,...,x,=a In g end

if and only 1f the two programs
= Q;p;T1 = Q5 Ty
a;q;T1 =5 Ty

|
S

L1 —
L1 -

|
IS
=
3

|

|
IS
3
3
|
|
S

are equivalent w.r.t. the “flat” binary relation semantics.
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let t = v = w +
in x :=vy; o B o
X 1= X -V

end

Swap Example



Swap Example
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let t = a
let t = :
, in X = X + Yy;
in X (= Vy;
y £ — Y = X = Yy
X ¢= X -
end Y

end



Swap Example
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let £t = a let t = a

in t := x; in X := X + y;

X = Yy — Y = X = Yy

y := t X 1= X =Y

end

end



Swap Example

Suffices to show

t = aj; t = a;
t = Xj X 1= X + y;
X = Yy —_ Y = X = ¥,
y == t; X 1= X - Y;
t = a t = a

using

ri=8y:=t = =tlx/sl;x:=s (y& FV(s))

y =1
r:=sy:=t = x:=sy:=tlx/s] (x & FV(s))
r.=8,x:=1 X t



Swap Example

Suffices to show

t = aj;
t = aj; % = % +
t 1= x; B i'
ot L A4
t o — a, t - Y;
' t := a
using
ri=sy:=1t = =tlz/sl;x:=5s5 (y & FV(s))

y:=1
r:=sy:=t = z:=sy:=tlx/s|] (x & FV(s))
r:=8;x:=1 X t



Swap Example
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Suffices to show

t := a; :; z i;_l_
t 1= Xx; B i'
X = V3 p— !
v i= Z t = y;
L. a, X := x - t;
' t := a
using
vi=sy:=t = y:=tx/shr:=s (yg&FV(s))
r:=sy:=t = xz:=sy:=tlx/s| (x & FV(s))
r.=sx:=t = x:=tlx/s
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Suffices to show

t =
t =
X -_—
Y —
t =
using
r =S8y :=1
r:=s8y:=1

r:=8,x.:=1

aj
X;
Y
t;
a

Swap Example



Swap Example
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Suffices to show

t := aj t = a;
t = xj
t o= Xy X := x +
X 1= V3 — Yr
v := t; Y = X = Y
L. a, X 1= X - t;
' t := a
using
vi=sy:=t = y:=tx/shr:=s (yg&FV(s))
r:=sy:=t = xz:=sy:=tlx/s| (x & FV(s))
r.=sx:=t = x:=tlx/s



Swap Example
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Suffices to show

t = ajy
t := a; t=x:

e — <7 e 4
z_i' _ X = t + vy;
y:=tf — y = X - Y;

' X 1= X - t;
t = a £ .= a

using

=S8y =1 y:=1t
ri=s8y: =t = x:=358;y —t[a:'/s] (x € F'V(s))
r:=8,0r:.=1 X L



Swap Example

:w! !“ ‘;'l lm"“ STt b A iy " W SR 2 g NS e a-.--"'-*"f"‘mllﬁuﬂr,r kﬂﬂw

Suffices to show

t = ajy

t := a; t=x:

e — <7 e 4
t 1= X3 X 1= t + y3

X = VY; — ~ .

yo=t. Y_ 4
' X 1= X - t;

t := a £ .= a

using

=S8y =1 y:=1t
ri=s8y: =t = x:=358;y —t[a:'/s] (x € F'V(s))
r:=8,0r:.=1 X L



Swap Example
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Suffices to show

t = a;
t := a; £ 1= x
t o= x; X =t +y
L
o y := t;
t = a £ .= a
using
r.=sy:=t = y:=tlz/sl;jz:=s (y&FV(s))
r:=sy:=t = xz:=sy:=tlx/s| (x & FV(s))
r.=sx:=t = =x :t[a:/s]



Suffices to show

t —
t =
X s
y s
t =
using
r =S8y :=1
r =8y :=1

r:=8;x:=1

aj;
X;
Y
t;
a

Swap Example

t := aj
t := X;
— X =Y,
y = t;
t := a



Higher-Order Functions
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o Provide relational semantics for language with first-
class functions

o Functions & data are not conflated
o Two kinds of expressions:

o Value expressions: binary relations between
execution states and values

o Program expressions: binary relations between
execution states and execution states
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Value Expressmn (VE )
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A variable
A constant or function symbol in I
A A-term Ax.p with variable x, program expression p

A A-term Ax.p; e with variable x, program
eXpression p, v.e. e

Application P(d) with procedural expression with
non-void return type P and v.e. d



Program Expressmn (P E. )
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o Assignment x .= d with variable x and v.e. d

o Test R(d) relation symbol of 2l R and v.e. d

o Nondeterministic choice p + g with p.e.s p and g
o Sequential composition p;g with p.e.s p and ¢

o Iteration p* with p.e. p

o Application P(d) with procedural expression P with
vold or non-void return type, v.e. d



Closure Structures
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o Generalize execution state to pointed tree structure
o Motivated by operational semantics of ML, Scheme

o Closure structure: pair 0 = (1,a) with tree of
bindings 7T of the form x = ¢ and @, a pointer into T

o « 18 the active pointer, active(o), points to active
environment

o ¢s are elements and functions of 2l or pair of A-
term and pointer into T



Value Expression Semantics

e L T T e e i fathania . P

[x]

[/]
[Ax.p]
[Ax.p; €]
[f(d)]
[P(d)]

PRSI

{(0,0(x)) | o € CS, 0( ) is deﬁhed}

(0
{(0,f%) | o € CS}
{(0, (\z.p, active(a))) | o € CS}

(o, (Az.p; e, active(a))) | o € CS}

(0

(

1
1
(T, a),b) |

9
~~
&
 —
Q.
I
——

(T, ), c ,

(T\a). (\e.pic, ) € LP).
((x=c):: (T,08),b) € [plo lel}
((T,a) c) € [d],

(T, ), f) € [P1}



Program Expression Semantics
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[z:=d]l = {(o,0|x/a])]| (0,a)€ [d], o(x) is defined}

[R(d)] = {(0,0)](0,a)€ [d] and R*(a)}

[p+q] = 1[plU [q]

[p; g1 = [plo [q]

[»*1 = U, [pI"

[P(d)] = {((T;a), (S,a)) | (T,
(=

o), ¢) € [d],
o), (Az.p, B)) € [P],
=c) = (T,0), (x=4d) = (5,0)) € [pl}.



Contexts
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o A context C[-]: program expression with
distinguished free program variable

o Relational semantics 1s fully abstract
o Context 1s not necessary for equivalence arguments

o Theorem: For program expressions p and g and all
contexts C/-],

[CIpll = [C[qll & [pl = [ql



Conclusions
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o Relational semantics capture contextual information
o No need to reason at contextual level

o Ability to prove equivalence of programs with local
variables using KAT

o Relational semantics for first-class functions



