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Motivation
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o Prove equivalence of programs w/local variable!
using Kleene algebra with tests (KA

swap(x,y) swap(x,y)

{ {

l t:=X l l X =X+y
l X:=y — l yi=X-Yy
l yi=t I X =X-Yy
} }



Goals
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o DebPne notion of local variable scoping with
semantics based on binary relations that Is:

o Purely compositional
o Fully abstract
o Able to capture contextual considerations

o Provide axioms to prove equivalence under with
local variables and no context



(Lots of) RelatedNork

PSR TR, D3t Tt SN v A A Tty 5= £ AL I e SN b e BN e APPSR

o Meyer & Sieber: Using store model of Halpern-
MeyerTrakhtenbrot to prove equivalence of

ALGOL programs

o Mason &Talcott: Contextual assertions for
reasoning with context and semantic reasoning

o Pitts: Equivalence of MIprograms with reference
using operational semantics

o QOperational semantics, denotational semantics,
game semantics,...



Relational Semantics

mmwmfﬂf%"'“m‘ﬂﬂ&t!l-n-aﬁ-bih___,ihiqg-.!.-h.a 0 e ot it - .' - ' - o Zreliies

¥ Domain of computatiarPrst-order structur&  ov
signaturd

¥ Partial Valuationf: Var ! |A]

¥ Domain off: domf

¥ Environment Stack of partial valuations
¥ ! environment Witr'\”heafdand tail

¥ Shapeoff, :; &&a::f, : dom f;
=1



Programs
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¥ Binary relations on environments

¥ Built inductively from atomic programs and test:
¥ Atomic programs =t
¥ Operators+, ;, *

¥ Simpler to work with thamvhile andif
programming constructs



Scoping Expression
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let X1 = t1,...,Xn =ty In p end

¥ Pushes new partial valuation onto environment
¥ Domain:{xi,...,Xn}

¥ Initial values are values af;,...,t, evaluated
old environment

¥ Shadow any occurrences of variables further dc
the stack

¥ Pop partial valuation when leaving scope



Evaluating a/ariable

e T T e et o TR g .

PRSI

¥ Evaluating an undebned variable: no input/outp
pair in relational semantics

¥ Reblndlng operatoon partial valuations

f(y), ify! domf andy = X,
f[x/a](y):# a, ify! domf andy = X,
undebPned, ify"! dom f.
" f(X), if! =1 "andx!domf,
!(x):# " (X), if! =f 2" and x "l dom f,
undebPned, If! = #
fIx/a]:", f! =f " andx! domf,
l [x/a] = " f ="[x/a], if! =f " and x "l domf,
# if! = #



Evaluating a Program
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[x:=t] ={(, [x/' O] (t) and ! (x) are defined}

|[|€t X1 =11,..., Xn = 1p mpend]]
= {(,tal("))|!(tj) isdebned, 1! i! n,and (f =!,")" [p]}

o fis the environment such thigx) =!(ti), 1"i"n

o Semantics fot, ;, and* are union, relational
composition, and ref3exive transitive closure,
respectively



EvaluatingTests
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[ R(tq,..., th)]
= {(,1)|"'(t) isdebned, 1! i! n,and A,! ! R(tq,..., th)}
[ 'R(tq,..., th)l )
= {(,')]|'(tj) isdebPned, 1! 1! n,and A,! | AR(t4,..., th)}

o Not classical negation (does not contain states |
which 1 (t;) Is undebPned)

o Need to have test for undebned variables

[undePned(xX)] = {(',!) ]! (X) isundebned}.



Short Circuit Boolean Ops

[' &&= [H1Y 0]
R T T N I (L R )

[ && ")]
¢t 1)
[

Lrne Attt ten o= Y nrl
Ny pry] = [V && "]
[!]



Example

ISR ESRR o B Tt Gt P A A A Tty S I LTI I vt e PN s

let x=1 In X:=y+Z;

"-4-“_'-. -

let y=x+2 In y:=y+z; z:=y+1 end;

b yi=x
end

(y =5,z = 20)



let x=1 In X:=y+Z;
let y=x+2 In y:=y+z; z:=y+1 end;
b yi=x

end
(y =5,z =20)

(x =1):: (y =5,z = 20)



Example
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let x=1In X.=y+2Z
let y=x+2 In y:=y+z; z:=y+1 end;
b yi=x
end
(y =5,z =20)

(x =1)::(y =5,z = 20)
(x= 25):(y=5,z=20)



Example
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let x=1 In X:=y+Z;
let y=x+2 Iny.=y+z; z:=y+1 end;
b yi=x
end
(y =5,z =20)

(x =1)::(y =5,z = 20)
(x =25)::(y =5,z =20)
(y = 27):: (x =25)::(y =5,z =20)



Example
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let x=1 In X:=y+Z;
let y=x+2 In y:=y+z ;z:=y+1 end,
b yi=x
end
(y =5,z =20)

(x =1)::(y =5,z=20)
(x =25)::(y =5,z =20)
(y=27)::(x=25)::(y =5,z = 20)
(y= 47):(x=25)::(y=5,z=20)



let x=1 In X:=y+Z;

|
end

let y=x+2 In y.=y+z; z:=y+1 end;
DT yi=x

(y =5,z = 20)
(x =1)::(y =5,z=20)
(x =25)::(y =5,z =20)
(y=27).:(x=25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =20)
(y=47).:(x=25)::(y =5,z = 48)



let x=1 In X:=y+Z;

|
end

let y=x+2 In y:=y+z; z:=y+1 end;
DT yi=x

(y =5,z = 20)
(x =1)::(y =5,z=20)

(x =25)::(y =5,z =20)
(y=27).:(x=25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =48)

(x = 25)::(y =5,z =48)



Example
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let x=1 In X:=y+Z;
let y=x+2 In y:=y+z; z:=y+1 end;
b yi=x

end
(y =5,z =20)

(x =1)::(y =5,z=20)
(x =25)::(y =5,z =20)
(y=27).:(x=25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =48)
(x =25)::(y =5,z =48)
(X =25)::(y = 25,Z = 48)



Example
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let x=1 In X:=y+Z;
let y=x+2 In y:=y+z; z:=y+1 end;
b yi=x

end
(x=1)::(y =5,z = 20)

(x =25)::(y =5,z = 20)
(y=27)..(x=25)::(y =5,z =20)
(y=47)..(x =25)::(y =5,z =20)
(y=47).:(x =25)::(y =5,z =48)

(x =25)::(y =5,z=48)

(x =25)::(y = 25,2 =48)
(y = 25,2 =48)



Axioms & Properties
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o If they; are distinct and do not occurpnl 1" n,
then the followingwo programs are equivalent:

let yi = t1,...,¥n =t INnP[X/y; |1! 1! n]end

o If y does not occur Ig, ttftpae:

let X = sIn l@
let y = t[x/S]

'y =11Inpendend
Inlet Xx = sin p end end

o |If x does not occur Ip, ttftpae:

let X = s In le
let Xx = sIn le

'y =tinpendend

Yy = t[x/s] in p end end



Axioms & Properties
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o If X3 does not occur It,...,H, ttftpae:

o If tis a closed term, ttftpae:

skip le

let Xy =t Inlet Xo = ty,..., Xy = t, INn P end end

X = tinskip end

o If x does not occur Ip;r, ttftpae:

p;let x =t ingend;r

le

X =1Inp;qr end

o If x does not occur ip andt is closed, ttftpae:

p+ let Xx =t inqgend

le

' X=1inp+ gend



Axioms & Properties
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o If x does not occur I ttftpae for any closed
(let X = t in p end)’ let x = ain (x :=t;p)’ end

o If x does not occur int and a Is closed, ttftpae:
let Xx =t In p end let x = ainx:=t;pend

o If X does not occur In t, ttftpae:
let x =sinpend;x .=t X = S;p;X =1

o The axioms are sound with respect to the binan
relation semantics



Axioms & Properties
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o For any permutatio# : {1,....,n} {1,...,n}, tftpae:

let X1 =11,...,Xn = 1 mpend
et X1 (1) = L) (1)1 -1 X1 (n) = i) (n) Inpend

o |If x does not occur in p, and if t Is a closed term,
ttftpae:
D let X =t Inp end



Flattening (Globallzatlon)
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1. Apply !-conversion to both programs to make
bound variables unique

2. Letx,...x, be all bound variables in either
program. Use axioms to get both programs to
form

let Xx;=4a,...,Xp=ain pend

let Xx;=a,...,Xp=ain gend

whereals a Closed terrrp andd have no scoping

expressions




Equivalence
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Forp,qg with no scoping and a closed term, the two program:

let x;=4a,...,Xp=ainpend
let Xx;=4a,...,Xpy=ain gend

If and only If the two programs

X1 = @,ddd; Xp .= a; P; X1 := @, ddd; Xp .= d
X1:= @,88a;Xy = ;X1 .= a,8aa; X, .= a

are equivalent wt. the ORatO binary relation semantics.
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lett = X X=X 4y
in X :=vy; — y::x-y',
=1 T ' ’
y X.=X-Y

Swap Example
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lett = a
| = X .
_ett o N X:=x+y
N X:=vV; _ yi=X-y:
Y .= |
X = X -
end y

Swap Example




Swap Example
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let t=a lett=a
In t:=X; INX :=X+Y;
X 1= Y; = y = X-Y;
y = X =X-Y

end




Swap Example
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Sufbces to show

.= a; 1= a;

t:=X; X =X+YV,

X =Y, = y = X-Y;

y =T X =X-V,

t:=a t'=a
using
X=sy=1t = y=txis)x=s (Yy"FV(s))
X =5y =t = x:=sy.=tx/s] (xX!"FV(9))
X =8 xXx: =t = X:={t[x/s]



Swap Example

Sufbces to show

X X

2

TR L

D

using

= Sy :
= Sy :

L

<

.
~—

1
X X X 9D
ST
<

< <<

D =

tix/sl;x :=s (y!"FV(s))
= sy = t[x/s] (X!"FV(9))
t[x/ S]

X <L
1

%
1




Swap Example

Sufbces to show

X

2

TR L

D

using
= Sy :

Sy :
S X :

L

<

Il
~—

t:=a;
X :X+y;
— y . =X-Y,
t:=y;
X =X-t;
{:=a
vy =1tx/sl;x:=s (y!"FV(9))
X:=8sy:=t[x/s] (x!"FV(s))
X = t[x/s]




Swap Example

Sufbces to show

X

2

TR L

D

using
= Sy :

Sy :
S X :

L

<

Il
~—

t:=a;
X =X+Y,;
_ t:=Xx-v;
o y = X-Y;
X = X-t;
t:=a
vy =t[x/sl;x:=s (y!"FV(s))
X:=8sy:=t[x/s] (x!"FV(s))
X = t[x/s]




Swap Example

Sufbces to show

X

2

TR L

D

using
=S|y .

S}V :
S; X :

L

<

Il
~—

L [ I
x x X9
L+
=<

T X X T~

X -1,

a
vy =1tx/sl;x:=s (y!"FV(9))
X =sy:=tx/s] (x!"FV(s))
X = t[x/ 9]




Swap Example

Sufbces to show

t:=a;
= X;
X.=Y,
y =t;
t:=a
using
X =Sy =t =
X =S y.=t =
X =g X =1 =

X <<

tix/sl;x:=s (y!"FV(9))

S;y = t[x/S]
t[x/ g]

(x I" FV(S))




Swap Example

Sufbces to show

t:=a;
= X;
X.=Y,
y =t;
t:=a
using
X =Sy =t =
X =S y.=t =
X =g X =1 =

X <<

tix/sl;x:=s (y!"FV(9))

S;y = t[x/S]
t[x/ g]

(x I" FV(S))




Swap Example

Sufbces to show

X

2

TR L

D

using
=S|y .

Sy :
S X :

L

<

Il
~—

t:=a;
t:=X;
_ X =t+y;
o X = X-t;
y =t
t:=a
vy =t[x/sl;x:=s (y!"FV(s))
X:=8sy:=t[x/s] (x!"FV(s))
X = t[x/s]

PRSI




Swap Example

Sufbces to show

X X

2

TR L

D

using

= Sy :
= S}y :

L

<

.
~—

t = a;
t:=X;
— X = V;
y =t
t.:=a
y=tx/sl;x:=s (y!"FV(s))
X =Sy =tx/is] (x!"FV(s))

%
1

t[x/ 9]




HigherOrder Functions
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o Provide relational semantics for language with F
class functions

o Functions & data are not conf3ated

o Two Kinds of expressions:

o Value expessionsbinary relations between
execution states and values

o Program expessionsbinary relations between
execution states and execution states
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Value Expressm(\V E. )

A variable
A constant or function symbol i
A "-term3x.pwith variablex, program expression

A "-term$x.p; ewith variablex, program
expressiorm, v.e.e

Application P(d) with procedural expression with
non-void return typ® and ve.d
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Program Expressmn (EE’)

Assignmenk = d with variablex and ve.d
TestR(d)relation symbol oA R and ve.d
Nondeterministic choicp + g with p.e.sp andg
Seqguential compositiom;g with p.e.spand ¢
Iterationp* with p.e.p

ApplicationP(d) with procedural expressidawith
void or non-void return type,&.d



Closure Structures
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o (Generalize execution state to pointed tree struct
o Motivated by operational semantics of ML, Sche

o Closue structue: pair! = (T ,%)with tree of
bindingsT of the formx = c and% a pointer intaol

o %is theactive pointeractive (!) , points toactive
envionment

o ¢S are elements and functionsAdf or pair of "-
term and pointer intd



Value Expression Semantics

T = (0001 S (9 isdemmed)
[f] = {(.f4)]!! Cs
["x.p] = {(,("x.pactive(!)))|!' ! CS}
["x.p;e] = {(,("x.p;eactive(!)))|! ! CS}
[f(] = {C.f2@)I1(C,0! [d}
[P(d)] = {(T,#),0 | ((T,#),0! [d],

(T,#),("x.p;e, $)) ! [P],
(x=0):u(T,3),0! [pl"[e€]}
# {((T,#),f(0)) | ((T,#),0! [d],
(T,#),t)! [P]}




Program Expression Semanti
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[x:=d] = {(,'[x/a])]|(,a)! [d], ! (x) isdebned}

[R(A] = {C.,!)|(,a)! [d and R*(a)}

[p+al = 1[pl" [d

[p;al = 1[pl#[dl

$ L
[Pl = ,Ip
[P(A)] = {T,"), (S")) | ((T,"), 0! [d],

((T,"), (#x.p, $)) ! [P],
(x=0) =(T,%), x=d)=(S59%)! [p]}.



Contexts
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o A contextC|-]: program expression with
distinguished free program variable

o Relational semantics Is fully abstract
o Context Is not necessary for equivalen@uarents

o Theorem: For program expressignandg and all
contextsC|-],

[Clpl] =[Clal! [pl=[adl



Conclusions
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o Relational semantics capture contextual informe
o No need to reason at contextual level

o Ability to prove equivalence of programs with loc
variables using KA

o Relational semantics for prst-class functions



