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An Old Problem

Reasoning about programs with local state: difÞcult 
problem with over 30 years of research

What is meant by equivalence?

Observable (Contextual) Equivalence:  ÒTwo programs 
are equivalent if either can be put in the context of a 
larger program and yield the same value.Ó [Pitts 00]

No clear agreement on meanings of Òprogram contextÓ 
nor Òobservable behaviorÓ 



Related Work

Meyer and Sieber (1988): Halpern-Meyer-
Trakhtenbrot store model to prove equivalence of 
ALGOL procedures with no parameters

Formalized informal arguments about context

Provided seven examples capturing subtleties of 
reasoning about local state



Different Approaches

Denotational semantics: Scott 1972, Milner et al. 1977, 
Stoy 1981, Halpern et al. 1984

Categorical approaches: Reynolds 1981, Oles 1982, 
Stark 1996

Operational semantics: Mason & Talcott 1989+, Pitts 
& Stark 1993

Game semantics: Abramsky et al. 1996+, Laird 2004



Goals (MPC 06)

Avoid intricate memory models, category theory, and 
explicit use of context

DeÞne explicit structure for modeling state

DeÞne compositional semantics based on binary 
relations

Prove Meyer & Sieber examples

Axiomatic treatment of program equivalence and 
partial correctness
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First-Order Case

Restricted language without higher-order programs

let construct for local variable declaration

let is primitive in language

Axiomatization that Þts with well-studied regular and 
Boolean operators of Kleene Algebra with Tests (KAT)

let x = t in p end



Motivating Example

Consider two version of swapping variables:

What about the variable t?

t := x;
x := y;
y := t

x := x ! y;
y := x ! y;
x := x ! y

t := x;
x := y;
y := t

t := x;
x := x ⊕ y;
y := x ⊕ y;
x := x ⊕ y



Program Expressions

Assignment            , variable x and value expression d 

Test R(d), relational symbol R and value expression d

Nondeterministic choice p + q, program expressions p, q

Sequential composition p ; q, program expressions p, q

Iteration p*, program expression p

Let:

x := d

let x = t in p end



Environment

Domain of computation: Þrst-order structure     over 
signature

An environment σ, τ is a stack of partial valuations, 
mapping variables to elements of

f :: σ is environment with head f  and tail σ

dom f: domain of f

Variable evaluation/rebinding:

A

f [x/ a](y) =

!
"

#

f (y), if y ! dom f and y "= x,
a, if y ! dom f and y = x,
undeÞned, if y "! dom f .

A

!



Environment Functions

! [x/ a] =

!
"

#

f [x/a ] :: " , if ! = f :: " and x ∈ dom f ,
f :: " [x/a ], if ! = f :: " and x "∈ dom f ,
#, if ! = #.

σ(x) =






f (x), if σ = f :: τ and x ! dom f,
τ (x), if σ = f :: τ and x "! dom f,
undeÞned, if σ = ε.

 

Create new partial valuation and push onto stack

Initialize x1,...,xn with evaluation of t1,...,tn

Pop valuation when leaving scope

let x1 = t1, . . . , xn = tn in p end



Semantics

[[ x := t]] = { (! , ! [x/ ! (t)]) | ! (t) and ! (x) are deÞned}

[[ R(t1, . . . , tn )]] = { (! , ! ) | ! (t i ) is deÞned, 1 ! i ! n,

and A, ! ! R(t1, . . . , tn )}

[[ !R(t1, . . . , tn )]] = { (! , ! ) | ! (t i ) is deÞned, 1 ! i ! n,

and A, ! ! ÂR(t1, . . . , tn )}

[[ p + q]] = [[ p]] " [[ q]]

[[ p ; q]] = [[ p]] # [[ q]]

[[ p$]] =
⋃

n

[[ p]] n



Semantics

[[ let x1 = t1, . . . , xn = tn in p end]]

= { (! , tail(" )) | ! (t i ) is deÞned,

1 ! i ! n, and

(f :: ! , " ) " [[ p]] }

Lemma 1. If (! , " ) ! [[ p]] , then ! and " have the same shape.

Theor em 1. For program expressions p and q,
[[C[p]]] = [[C[q]]] for all contexts C[-] iff [[p]] = [[q]].



Axioms

A. let x1 = t1, . . . , xn = tn in p end

≡ let y1 = t1, . . . , yn = tn in p[xi /yi | 1≤ i ≤ n] end

B. let x = s in let y = t in p end end

≡ let y = t[x/s] in let x = s in p end end

C. let x = s in let y = t in p end end

≡ let x = s in let y = t[x/s] in p end end



Axioms

D. let x1 = t1, . . . , xn = tn in p end

! let x1 = t1 in let x2 = t2, . . . , xn = tn in p end end

E. skip ! let x = t in skip end

F. p; let x = t in q end; r ! let x = t in pqr end

G. p + let x = t in q end

! let x = t in p + q end



Axioms

H. (let x = t in p end)!

" let x = a in (x := t; p)! end

I. let x = t in p end

" let x = a in x := t; p end

J. let x = s in p end; x := t

" x := s; p; x := t



Theorems & Lemmas

Theorem 2: Axioms A-J are sound with respect to the 
binary relation semantics presented.

Lemma 2: 

For any permutation                                               , 
the following two programs are equivalent:

If x does not occur in p, and if t is a closed term, 
then the following two programs are equivalent:

π : { 1, . . . , n} ! { 1, . . . , n}

let x1 = t1, . . . , xn = tn in p end

let x! (1 ) = t ! (1 ) , . . . , x! (n ) = t ! (n ) in p end.

p let x = t in p end.



Flattening Technique

To prove programs p and q equivalent:

Apply !-conversion (Axiom A) to programs to make 
bound variables unique

Use Axioms A-J to convert programs to form

where p and q have no scoping expressions, a is a 
closed term,                   are bound variables after !-
conversion

let x1 = a, . . . , xn = a in p end

let x1 = a, . . . , xn = a in q end

x1, . . . , xn



Program Equivalence

For p, q with no scoping and closed term a, the two 
programs

are equivalent iff the two programs

are equivalent with respect to the ÒßatÓ binary relation 
semantics in which states are partial valuations.

let x1 = a, . . . , xn = a in p end

let x1 = a, . . . , xn = a in q end

x1 := a; ááá; xn := a; p; x1 := a; ááá; xn := a

x1 := a; ááá; xn := a; q; x1 := a; ááá; xn := a



Example 1

Example 1: The following two programs are equivalent:

let t = x
in x := y;

y := t
end

x := x ! y;
y := x ! y;
x := x ! y

From Lemma 2:
let t = a
in x := x ! y;

y := x ! y;
x := x ! y

end



Example 1

By Axiom I:

let t = x
in x := y;

y := t
end

=

SufÞces to show equivalence of:
t := a;
t := x;
x := y;
y := t;
t := a

t := a;
x := x⊕ y;
y := x⊕ y;
x := x⊕ y;
t := a

let t = a
in t := x;

x := y;
y := t

end



Example 2

Example 2: If x and w do not occur in p and (y = a);p is 
equivalent to p;(y = a), then the following programs are 
equivalent:

let x = 0, w = 0
in (if y = a then x := 1 else w := 2); p; if y = a then y := x else y := w
end

let x = 0
in (if y = a then x := 1 else x := 2); p; y := x
end

We know:
(y = a); p = (y = a); p; (y = a)

(y != a); p = p; (y != a) = (y != a); p; (y != a)



Example 2

By distributivity and Boolean tests, Þrst program becomes:

Applying Axiom D:

let x = 0, w = 0
in (y = a; x := 1; p; y = a; y := x) + (y != a; w := 2; p; y != a; y := w)
end

let x = 0
in let w = 0

in (y = a; x := 1;p; y = a; y := x) + (y != a; w := 2;p; y != a; y := w)
end

end



Example 2

By two applications of Axiom G:

From ! -conversion:

!

"
let x = 0
in y = a;x := 1; p; y = a; y := x
end

#

$ +

!

"
let w = 0
in y != a;w := 2; p; y != a; y := w
end

#

$




let x = 0
in y = a; x := 1;p; y = a; y := x
end



 +




let x = 0
in y != a; x := 2;p; y != a; y := x
end







Example 2

Using identity

equivalent to:

By distributivity and Boolean laws:

let x = a in p + q end = let x = a in p end + let x = a in q end

let x = 0
in (y = a; x := 1; p; y = a; y := x) + (y != a; x := 2; p; y != a; y := x)
end

let x = 0
in (if y = a t hen x := 1 else x := 2); p; y := x
end



Summary

Relational semantics for Þrst-order programs with let 
construct for local variables

Purely equational axioms for reasoning about program 
equivalence

Can reason axiomatically without semantic arguments 
about heaps, etc.


