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An Old Problem
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o Reasoning about programs with local state: difbcu
problem with over 30 years of research

o What is meant by equivalence?

o Observable (Contextual) Equivalenc®Wo program:
are equivalent if either can be put in the context of
larger program and yield the same value.O [Pitts O

o No clear agreement on meanings of Oprogram cor
nor Oobservable behaviorO



RelatedWork
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o Meyer and Sieber (1988): Halpern-Meyer
Trakhtenbrot store model to prove equivalence of
ALGOL procedures with no parameters

o Formalized informal @uments about context

o Provided seven examples capturing subtleties «
reasoning about local state



leferentApproaches

MWMHM YT i 3 44 2 TR N T LT I - ..m

o Denotational semantics: Scott 1972, Milner et al. 1
Stoy 1981, Halpern et al. 1984

o Categorical approaches: Reynolds 1981, Oles 198
Stark 1996

o QOperational semantics: Masoni&lcott 1989+, Pitts
& Stark 1993

o Game semantic&bramsky et al. 1996+, Laird 2004



Goals (M PC 06)
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o Avoid intricate memory models, category theamyd
explicit use of context

o DebPne explicit structure for modeling state

o DePne compositional semantics based on binary
relations

o Prove Meyer & Sieber examples

o Axiomatic treatment of program equivalence and
partial correctness
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@ Avoid intricate memory models, category theanyd
explicit use of context

@ DebPne explicit structure for modeling state

@ DePne compositional semantics based on binary
relations

@ Prove Meyer & Sieber examples

o AXxiomatic treatment of program equivalence and
partial correctness



First-Order Case
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o Restricted language without high&der programs
o [et construct for local variable declaration

let x = t In p enc
o [et IS primitive Iin language

o Axiomatization that bts with well-studied regular ar
Boolean operators of Kleerdgebra withTests (KA')



Motlvatlng Example
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o Consider two version of swapping variables:

t .= X; X:=x!y;:
X :=Y; y:=X1Y;
y =1 X:=xlvy

t 1= X; t 1= X;

X 1= V; X = XDY;

y =t V= XDY;
X =XDY

PRSI



Program Expressions
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o Assignmentr := d , variahleand value expressiah

o TestR(d), relational symboR and value expressiah

o Nondeterministic choicg + g, program expressions g
o Sequential composition ; g, program expressions g

o [terationp*, program expressign

o Let: letx = tInpenc



Environment
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o Domain of computation. Prst-order structuré& ov
signaturd

o An environment o, T 1S a stack opartial valuations,
mapping variables to elements Af

o f::0 IS environment with hegtland tailo
o dom f. domain off

o Variable evaluation/rebinding:
1Y), if y! domf and y & X,
f[x/a](y):#a, if y! domf andy = X,
undebred, if y " domf .



Environment Functions
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"fxal",f! =1 " andx € domf,
L [x/ a] = 4 f-"[x/al,if! =f " andx € domf,
#, if 1 = #
f(x), fco= f..7andx! dom f,
o(x) = < 7(x), if o= f. . 7andx "l dom f,
undebPred, If o = «.

olet X1 = t1,...,Xn =ty IN P enc
o Create new partial valuation and push onto stac
o [nitialize xj,...,.x, with evaluation ot,,...,t,

o Pop valuation when leaving scope



Semantics
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[x:=t]={C, [x/!(@®)] |! () and! (x) are debned}

[ R(tq,..., t))] = {(,)|!(t) isdebned, 1! 1! n,
and A,! FR(tq,..., th)}
[IR(ty, ..., t)] = {(1,1) ]! (t) isdebned, 1! i! n,
and A,! EAR(t4,..., th)}
[p+al =[p] " [dl
[p;al =[pl #[dl
[p%1 = JIpl"




Semantics
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[let X1 = t1,..., Xy =ty INnpend

= {(!,tal(")) | ! (tj) Is dePned,
1" 1! n, and
(=57 " [el}

Lemma 1. If(!,")! [pl, then! and" have the same shape.

Theor em 1. For program expressions p and q,
[Clpl]l = [Clql] for all contextsC[-] iff [pl = [ql.



A letx;=1%,...,2n = tyh In p end
= lety; = t1,...,yn = tn Inplx; /y; | 1 < i < n] enc

B. letz=sinlety=t¢inpendend
= lety=t[z/s]inletxz= sinpendend

C.letx=sinlety=tinpendend
= letz=sinlety = t[z/s] in p endend



AXIoms
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D. letey =¢t1,...,2,, =1, INn p end

I Jletzy =ty Inletaxy =ty,..., 2, =1¢, IN p endend
E. skip ! letx=1tInskip end
F. piletz=¢tingenar ! letx=1tIn pgr end

G. pt+lete=tinqgend
Il letx=tinp+ qend




H. (letx = t in p end’

let x = ain (X := t;p)! enc

. letx =t inpend

letx = aln X :

t;p end

J. letx=sinpengx =t

X = S;p;X =t



Theorems & Lemmas
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o Theorem 2:AxiomsA-J are sound with respect to ti
binary relation semantics presented.

o Lemma 2:

o Forany permutation : {1,...,n} ! {1,...,n}
the following two programs are equivalent:

let X1 = t1,...,Xnh = th INnpend
let X1(11) = i (1)s---+ X1 (n) = L (n) IN P end
o |f x does not occur Ip, and ifr Is a closed term,
then the following two programs are equivalent:

P letxXx=1Inpend.



FlatteningTechnigue
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. . .' = '..!J-”.

o TO prove programg andg equivalent:

o Apply !-conversion (AxiomA) to programs to make
bound variables unigue

o UseAxiomsA-J to convert programs to form
let x1=a,...,Xp=alin p enc
let x;=4a,...,Xp=ain g enc

wherep andg have no scoping expressionss a

closed termz1,...,2zn  are bound variables &fter
conversion



Program Equivalence
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o Forp, g with no scoping and closed teemthe two
programs

let x1=a,...,Xp=aln p enc
let Xx1=a,...,Xp=ain genc

are equivalent ffthe two programs

L1 .—

xr1 .—

a,ddd, n .

a,a8a; Tn .

a,p, T .

a,q,xy .

= a,dad, Tn

a, a8 Tn .

a

a

are equivalent with respect to the ORatO binary rel
semantics in which states are partial valuations.



Example 1
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Example 1 The following two programs are equivalent:

let t= X X:=x!vy;
n x:=y;  y:=xly;
y =1 X =xlvy
end
From Lemma 2:

let t=a
n  x:=x!vy;
y: =Xy,
X =xlvy

end



Example 1
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By Axiom |

et t = X et ‘;f_a |
in X ‘= V: IN = X,
_ — X =
y =1 -
end y .=
end

SufPces to show equivalence of:
= a; = a,

]
| R
]
=3
D
=

|
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+ )y O+ o+
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&
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=
SP
=



Example 2
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Example 2 If x andw do not occur iy and(y = a),;p IS
equivalent t,;(y = a), then the following programs are
equivalent:

let x=0,w=0
in (if y= athenx:
end

lelew:= 2);p;if y=atheny = xeley:=w

let x=0
In (if y=athenx:
end

lelex:=2),py =X

We know:

(y=a);p (y=a);p(y=a)
(yeEayp = pykEa = (YEa;p(yE a)



Example 2
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o By distributivity and Boolean tests, brst program beco

let XxX=0,w=0
in (y=ax=1py=ay=x)+(yZaw:=2,p;yZay:=w)

end

o  Applying Axiom D:

let =10

in let w=20
in (y=az=1Lpy=a,y:=x)+ (yE a;w:=2;p;yE a;y = w)
end

end



o By two applications oAxiom G:

@)

let

n y=az:=1Lpy=ay=2% 4"

end

Example 2

WWW"{%,:.-nmﬂqﬁg!._;..hﬁ-na____‘.,_ﬂ_"__m e s “ .. ) . P

r =0

From! -conversion:

let
N
end

r=0
y=a;x = Lipiy=a,y:=x

+

let
In
end

let
1
end

w =20
yEagw:=2pykEay:=wd

Xx=20
yE a;)X = 2;p;ykE a,y = X



Example 2
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o Using identity

let X =ainp+gend = letx=ainpend+let X =ain gend

equivalent to:

let X =0
in (y=aXx:=Lpy=ay:=X)+(yEax:=2;pyEay:=X)
end

o By distributivity and Boolean laws:

let =0
in (f y=athenx:=1lelsex:=2);p;y =X
end



Summary
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o Relational semantics for pPrst-order programs Vth
construct for local variables

o Purely equational axioms for reasoning about prog
equivalence

o Can reason axiomatically without semantiguaments
about heaps, etc.



