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History of the Problem

Rich history dating back 30 years

Problem is subscript aliasing: A(x) and A(y) 

where x = y

Work of More (1973) and  Downey and Sethi (1978), 
others based on read/write operations

After array update A(i) := s, subsequent access A(j) 
treated as if (i = j) then s else A(j)

See others in Bornat 2000
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Kleene Algebra with Tests Work

Augment rules of Kleene algebra with tests (KAT)

Rules in the spirit of schematic KAT (SKAT) presented 
in Angus & Kozen 2001

Based on rules in Barth & Kozen 2002, which were 
restrictive:

No nested array references

Only provided structure to solve application at 
hand
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Goals

Provide commutativity and composition rules for 
sequences of array assignments

Allow nested array references

Make explicit the essence of subscript aliasing

Results:

Soundness theorem generalizing theorem of B&K02

A proof of the correctness of heapsort
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Kleene Algebra with Tests (KAT)

A Kleene algebra with tests is a structure

                                       where                    (K , B , + , á, ! , , 0, 1)

Ð (K , + , ·, ! , 0, 1) is a Kleene algebra,
Ð (B , + , ·, , 0, 1) is a Boolean algebra, and
Ð B " K .
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Schematic KAT (SKAT)

Specialization of KAT to handle first-order constructs

Axioms:

x := e def= a

p ; q def= pq

if B then p else q def= B p + B q

while B do p def= (B p)! B

x := s; y := t ≡ y := t[x/s ]; x := s (y "∈ F V(s)) (1)
x := s; y := t ≡ x := s; y := t[x/ s] (x "∈ F V(s)) (2)
x := s; x := t ≡ x := t[x/s ] (3)
! [x/t ]; x := t ≡ x := t; ! (4)

x := x ≡ 1 (5)
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Arrays in SKAT

Arrays require special considerations

Use array-equivalent version of axiom to show

If A(2) = 2, two sides not equal

Left sets A(2) and A(4) to 3

Right sets A(2) to 3 and A(4) to 2

Problem: A(2) = A(A(2))

A(A(2)) := 3;A(4) := A(2)

A(A(2)) := 3;A(4) := A(2) ! A(4) := A(2); A(A(2)) := 3
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Solution: Limit Array Accesses

Let i and j be expressions with no array symbols

For e, let ex, ey, exy denote e[x/A(i)], e[y/A(j)], and 

e[x/A(i), y/A(j)], respectively

Following hold when s and t contain no array symbols 
and i ≠ j:
A(i ) := sx ; A(j ) := txy = A(j ) := ty [x/ sx ]; A(i ) := sx

A(i ) := sx ; A(j ) := txy = A(i ) := sx ; A(j ) := ty [x/s x ]

A(i ) := sx ; A(i ) := tx = A(i ) := t[x/s x ]

! [y/t y ]; A(j ) := ty = A(j ) := ty ; !
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Limited Array Accesses

Strong limitations on programs one can reason about

Allow no more than two array references in sequence 
of two assignment statements

Simple equivalences eliminated

A(3) := A(4); A(3) := A(5) ≡ A(3) := A(5)

9



Generalizing Rules

Need to perform substitution in array indices

What is meant by t[A(i)/s]?  “Replace all occurrences 
of A(i)  by s in the term t.”

Consider the assignment t = A(3) + A(2 + 1)

Replace A(3) syntactically, only replacing A(3)

Replace A(3) semantically, replacing both A(*)

A(i ) := s; A(j ) := t ≡ A(j [A(i )/s ]) := t[A(i )/s ]; A(i ) := s
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Generalizing Rules

Semantic replacement:

Undecidable 

Contrary to static analysis for which SKAT is used

Difficult and costly to implement in an automated 
system

Syntactic replacement is unsound without more 
preconditions:

A(2) := 4;A(3) := A(2) + A(1 + 1)

! A(3) := 4 + A(1 + 1); A(2) := 4
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Preconditions

Let Arr(e) be all array references (array variable and 
index) that appear in term e

Let e’ = e[A(i)/s]

Arrs(e, A, i, s) ≈ Arr(e’)
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Good Idea/Bad Idea

A(2) := 4;A(3) := A(2) + A(1)

! A(3) := 4 + A(1); A(2) := 4
A(2) := 4;A(3) := A(2) + A(1 + 1)

≡ A(3) := 4 + A(1 + 1); A(2) := 4
A(2) := A(2) + 1;A(3) := A(2)

≡ A(3) := A(2) + 1;A(2) := A(2) + 1



Axioms

A(i) := s; A(j) := t ! A(j′) := t′; A(i) := s

if i "= j′

#k, A(k) $ Arr(s) %Arr(i) & k "= j′

#k, A(k) $ Arrs(j) %Arrs(t) & k "= i

A(i) := s; A(j) := t ! A(i) := s; A(j′) := t′

if #k, A(k) $ Arr(s) %Arr(i) & k "= i

#k, A(k) $ Arrs(j) %Arrs(t) & k "= i
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Axioms

A(i ) := s; A(j ) := t ! A(j !) := t !

if i = j !

" k, A(k) # Ar r s(j ) $ Ar r s(t) % k &= i

! ! ; A(i ) := s ! A(i ) := s; !

if " k, A(k) # Ar r (! ) % k &= i
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Axioms for Variable Interaction

x := s; A(j ) := t ≡ A(j [x/ s]) := t[x/s ]; x := s

if ∀k, A(k) ∈ Ar r (s) ⇒ k %= j [x/ s]

A(i ) := s; y := t ≡ y := t ′; A(i ) := s

if y %∈ F V(s) ∪ F V(i )

∀k, A(k) ∈ Ar r s(t) ⇒ k %= i

x := s; A(j ) := t ≡ x := s; A(j [x/s ]) := t[x/s ]

if x %∈ F V(s)

A(i ) := s; y := t ≡ A(i ) := s; y := t ′

if ∀k, A(k) ∈ Ar r (s) ∪ Ar r (i ) ⇒ k %= i

∀k, A(k) ∈ Ar r s(t) ⇒ k %= i
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Contrasting to Other Approaches

Prevent aliasing through preconditions instead of 
updated arrays for subsequent accesses

After array update A(i) := s, subsequent access A(j) 
treated as if (i = j) then s else A(j)

We want assignment statements to be atomic 
propositions

Both approaches require checking the same tests

Precondition approach tests conditions only when 
doing program transformations
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Multi-dimensional Arrays

Consider array B with n indices

For arrays to be different, must differ in at least one index

Axiom corresponding to first one
B(i1, . . . , in ) := s;B(j1, . . . , jn ) := t ! B(j!

1, . . . , j
!
n ) := t! ;B(i1 . . . in ) := s

if i "= j! and:

#k1, . . . kn , A(k1, . . . , kn ) $ Arr(s) %
n!

a=1

Arr(ia) & ' !.1 ( ! ( n ) j!
! "= k!

#k1, . . . kn , A(k1, . . . kn ) $
n!

a=1

Arrs(ja) & ' !.1 ( ! ( n ) k!
! "= i!

#k1, . . . kn , A(k1, . . . kn )Arrs(t) & ' !.1 ( ! ( n ) k!
! "= i!
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Soundness

Proven soundness using technique similar to one in 
Angus & Kozen 01

Uses Tarskian Kripke frames defined with respect to a 
first-order structure

Requires lemma regarding substitution
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Example

t := A(y); A(x) := A(x) ! A(y);
A(y) := A(x); A(y) := A(x) ! A(y);
A(x) := t; A(x) := A(x) ! A(y);
t := 0 t := 0
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Example

Axiom used x := s; x := t ≡ x := t[x/s ]

A(x) := A(x) ! A(y); A(y) := A(x) ! A(y);
A(x) := A(x) ! A(y); t := A (x ); t := 0
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Example

Axiom used
A(x) := A(x) ! A(y); A(y) := A(x) ! A(y);
A(x) := A(x) ! A(y); t := A (x ); t := 0

A(x) := A(x) ⊕A(y); A(y) := A(x) ⊕A(y);
t := A (x ) ! A (y ); A (x ) := A (x ) ! A (y ) ; t := 0

A(i) := s; y := t ! y := t! ; A(i) := s

22



Example

Axiom used
A(x) := A(x) ! A(y); A(y) := A(x) ! A(y);
A(x) := A(x) ! A(y); t := A (x ); t := 0

x := s; A(j ) := t ! x := s; A(j [x/s ]) := t[x/ s]

A(x) := A(x) ⊕A(y); A(y) := A(x) ⊕A(y);
t := A (x ) ! A (y ); A (x ) := A (x ) ! A (y ) ; t := 0

A(x) := A(x) ! A(y);A(y) := A(x) ! A(y);
t := A(x) ! A(y); A (x ) := t ; t := 0
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Example

Axiom used x := s; A(j ) := t ! x := s; A(j [x/s ]) := t[x/ s]

A(x) := A(x) ⊕A(y); A(y) := A(x) ⊕A(y);
t := A (x ) ! A (y ); A (x ) := A (x ) ! A (y ) ; t := 0

A(x) := A(x) ! A(y);A(y) := A(x) ! A(y);
t := A(x) ! A(y); A (x ) := t ; t := 0

A(i) := s; y := t ! y := t! ; A(i) := s

A(x) := A(x) ! A(y); t := A (y );
A (y ) := A (x ) ! t ; A(x) := t; t := 0

24



Example

Axiom used
A(x) := A(x) ! A(y);A(y) := A(x) ! A(y);
t := A(x) ! A(y); A (x ) := t ; t := 0

A(x) := A(x) ! A(y); t := A (y );
A (y ) := A (x ) ! t ; A(x) := t; t := 0

x := s; A(j) := t ! A(j[x/s]) := t[x/s]; x := s

t := A (y); A (x ) := A (x ) ! t ;
A(y) := A(x) ⊕ t; A(x) := t; t := 0
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Example

Axiom used
A(x) := A(x) ! A(y); t := A (y );
A (y ) := A (x ) ! t ; A(x) := t; t := 0

t := A (y); A (x ) := A (x ) ! t ;
A(y) := A(x) ⊕ t; A(x) := t; t := 0

A(i ) := s; A(j ) := t ! A(j !) := t ! ; A(i ) := s

t := A(y);A(y) := A(x);
A(x) := A(x) ! t;A(x) := t; t := 0
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Example

Axiom used

t := A (y); A (x ) := A (x ) ! t ;
A(y) := A(x) ⊕ t; A(x) := t; t := 0

t := A(y);A(y) := A(x);
A(x) := A(x) ! t;A(x) := t; t := 0

A(i ) := s; A(j ) := t ! A(j ′) := t ′

t := A(y); A(y) := A(x); A (x ) := t ; t := 0
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Proving Heapsort

Completely formal, relying only on axioms of KAT 
and basic facts of number theory

Most proofs are informal, appealing to general code 
examination

Exception: formal proof of correctness in Coq 
(Filliâtre 99)

See tech report version for complete proof
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Conclusions

Provided axiomatization of arrays in KAT

Preconditions capture essence of aliasing 
considerations

Only consider preconditions when they are needed

Extendable to pointers?

To be implemented in KAT-ML
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