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An Old Problem
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o Reasoning about programs with local state: difbcu
problem with over 30 years of research

o What is meant by equivalence?

o Observable (Contextual) Equivalenc®Wo program:
are equivalent if either can be put in the context of
larger program and yield the same value.O [PittsO(

o No clear agreement on meanings of Oprogram cor
nor Oobservable behaviorO
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o Meyer and Sieber (1988): Halpern-Meyer
Trakhtenbrot store model to prove equivalence of
ALGOL procedures with no parameters

o Formalized informal @uments about context

o Provided seven examples capturing subtleties «
reasoning about local state



leferentApproaches
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o Denotational semantics: Scott 1972, Milne et al. 1¢
Stoy 1981, Halpern et al. 1984

o Categorical approaches: Reynolds 1981, Oles 198
Stark 1996

o QOperational semantics: Masoni&lcott 1989+, Pitts
& Stark 1993

o Game semantic&bramsky et al. 1996+, Laird 2004



Goals
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o Avoid intricate memory models, category theamyd
explicit use of context

o DebPne explicit structure for modeling state

o DePne compositional semantics based on binary
relations

o Prove Meyer & Sieber examples

o Axiomatic treatment of program equivalence and
partial correctness



Language

e L T T e i T Lathania . PY g o et s Tl

o Types

o Base typelndividual elements of domain of
computation

o Functional type sa t: sandt are types owroic

o EXpressions: two disjoint sets debned by mutual
iInduction

o Value expessions

o Program expessions



Value Expressions
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o A variable
o A symbol of the brst-order signatitie

o Al -term of the forml X.p ! X.p;e A\).p !d).p;e |
variablex, program expressign and value expressi@

o An applicationP(d) or P(), value expressioR of
functional type with non-void return type and value
expressiomn



Program Expressions
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0]

@)

0]

@)

Assignmenix := d , variabkeand value expressiah
TestR(d), relational symboR and value expressian
Nondeterministic choicp + @, program expressioms g
Sequential composition ; g, program expressions g
lterationp*, program expressign

ApplicationP(d) or P(), P with void return typeand
value expressiod

Let: letx=dinpend = (!z.p)(d)
etz =dinpjeend = (!z.p;e)(d)




Closure Structures
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o Represents state of execution as set of variable/va
bindings -- must allow destructive updates!

o Programs are relations on closure structures

o Motivated by operational semantics of ML, Schem
with static binding



Closure Structures
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o A closue structueis a triple! = (7," | s)

o Every node Inl contains
o A bindingx = c, xIs a variablecis a value
o A reference to Its parent In

o Every( uniguely determines anvionmenta list of 3
and all of its ancestors back to the roof of

o « IS theactive envionmentactv(! )

o Empty closure structure(s,!,[ ] )



Closure Structur®alues
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o |Intrinsic values Elements and functions of domain «
computationA

o Closumes Pairs(t,! ) [ is areference to a nodE in
andt is a !-expressiond x.p I x.p;e! ().p;e  AQrp

o Closure created whdns evaluated
o [ used to recall environment active at evaluation
o Environment used to interpret free variables$ of

o Values in environment may change, does not



Closure Structure Propertlec
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o A node isaccessiblef it Is reachable starting from
active environment or reference on stack, following
parent references or referenes in clogures

o Closure structures are equivalent if accessible
substructures are isomorphic:

o 1-1 correspondence between stack entries and
active environments preserving stack oyder
reference relations, and binding values



Closure Structure Operation:
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o For variablex, valuec, and environment In x,=c: «
denotes environment with new binding= ¢
prepended to

o For closure structure and environmgnt: I +, o
denotes closure structure wgh poppddtdck,
pushing active environment on top of stack, malkin
active environment

o Mostly combinedax = c: a) + o



Evaluation an@\ssignment
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o Always done imctv(! )

o Evaluation:! (z) returns brst (most recently bound)
occurrence ok in actv(! )

o Assignment! |x/a] destructively rebinds Prst occurr
of xinactv(! ) ta

o If ais a closure structuKk¢, ! ) , stack is popped, top
element Is always

o rest(oc) pops stack & makes active environment that \



Semantics
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o Let CS denote set of closure structures &aldset of
values

o Value expressioais a relation
[e] ! CS" (CS" Val)
o Program expressigmis a relation
[p] ! CS" CS
o Value expressions as relations on closure structure

[e] = {(!7"!)‘(!7"76)! [6]}7



Value Expression Semantics
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¥If z is a wvariable, [z] = {(o,0",0(x)) |

ol CS, o(z) is defined}, where ¢’ = ¢ if o(x) is an
intrinsic value, or ¢ with 3 pushed on the stack it
o(x) is a closure (t,3).

¥ If f is a symbol of the signature of A, [f] =
{(o,0,f*)]o! CS}.

¥ If t is a A-expression of the form Ax.p, Ax.p;e, A().p,
or A().p; e, then

[t1] = {(o,0,(t,actv(c)))| o ! CS},

where ¢’ is ¢ with actv(o) pushed onto the stack.



Value Expression Semantics
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¥ If P is a functional expression with non-void return
type and d is a value expression of the appropriate
input type for P, then

[P(d)] = {(,rest("),b | #!$!c! (W.p;e &)
(! # (%.p;e,&)" [P], (#3,c)" [d],
(x=c:&) +3,",b)" [pl #[ €]}
$ {1 ) [T#(¢,#1)" [P], (#",¢)" [d]}.

¥ If P is a functional expression with non-void return
type and no parameter, then

[POI = {(*,rest®),b) | ' #!(%).p;e,&)

(1. # (%)-p;e&)" [P], (&+#",0)" [p] #[e]}
$ {0 ¢ 1) " [P])



Program Expression Semanti
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o [x:=d] = {(o,7[X/A]) | (o,7,8) € [d], o(x) is dePned}.
Recall that if a Is a closure, then the stadk of 7 Is popped Iin
the formation of 7[x/a ].

o [R(d).

e [p+al =1[p] Ul
o [p:al =10ploldl-

e [P"]1 =U, oI[p]" = the rel3exive tr ansitive closure of [ pJ .

= (o, 7)

(o,7,a) € [d], R%*(a)}.

.



Program Expression Semanti
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¥ If P is a functional expression with void return type and d is
a value expression of the appropriate input type for P, then

[P = {(,rest(")) | '#!$!c! (%.p, &
(' # (%.p, &))" [P], (#$,¢)" [d],
(X=c:&)+3$,")" [p]}
# L) e (LA " [P &) " L]}

¥ If P is a functional expression with void return type and no
parameter, then

[POT = {(t,rest(")) | '#!(%).p,&
(1% (%).0,&) " [P], (&+#")" [pl)
L)1 (L) [P



o Consider program

let y = 4

f = Xy =yt z,xz:=y)
n  f(1); x
end

o Rewritten without lets:
ly. (! f.(f(1); x) lz(y=y+2z,x:=vY) (4)



Example
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o Rule for application

AY.(AT(F(A); x) Az(y:=y+z;x:=Y)) (4]
= {(o,rest(7),b) | (y=4)+ o,7,b) €
[AMF.(f(1); xX) Xz(y=y+ 2z, Xx:=VY)]}.
o Rule for application

HE.(f(1);x) lz(y:=y+z;x:=y)]

= {(",rest(#),b) | f =(z(y:=y+2z;x:=vy),actv("))) + ", # b)
I Of (1)1 " [x1}.



Example
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o By function application and variable rules

[F/(1)I = {(,rest(")) | I(#z.p,$)
L (f) = (#z.p,$), (x=1:%)+!.,") € [pl}
U {(,1) ]! (f) exists and is intrinsic}

[x] = {(,1,1(x))]|! () exists}
o Composition

[FOI![x] = {(o,res7),res(7)(x)) | "(Ax.p,3) o(f) = (Ax.p, B),
(x=1:5)+o,7)#[pl,
rest(7)(x) exists}

$ {(0,0,0(x)) | o(f) exists and is intrinsic, o(x) exists}.



Example
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o Combine with previous
1. (f();x) 'z(y=y+2z;x:=vy)]
= {(",rest(#),b) | 3% %# = res(%, b= res(%H(x),
$=(Ff=(0z(y=y+ z; x:=vy),actv("))) + ",
(z=1l:actv(") + $ N eJy=y+ z; x:=y]}.
o Assignment and sequence

[y:=y+z]l = {(o,0ly/aly)+0c(2)])|0o(y), o(z) exist}
X :=yl = {(o,0X/a(y)])|o(x), oly) exist}
Ly =y+z;:x:=y]l = [y:=y+2z]! [X:=vVyl]

= {(o,0lyla(y) +a(2)|[[x/ a(y) + o(2)]) | o(x), o(y),

0(2) exist}.



Example
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o Simplibcation

(z=1:actv(8) + o,7)! [y=y+ z; x:= ]
7= ((z= 1:actv(f)) + o)ly/0(y) + 1][z/0(y) + 1), O(x), 6(y) exist.

Q) x) Y2 (yi=myt oz = y)]
= 1" "y () + Uz/"(y) + 1],"(y) + 1) | "(x), "(y) exist}.

(y=4)+ o,7,0) € INF(f(D); 2) Az(y=y+ z; 2= y)]
< 1= (y=095):(o[x/5]), b= 5, o(x) exists.

Ay (AS(fQ)5 ) AM(y=y+ z;2:=y) (4)]
= {(0,0[z/5],5) | o(z) exists}.



Bisimulation Lemma

e L T T i (e T O SE

Supposef embeds o In &. Let p be a program expression

(i) If (o,7)! [p], then there exist + and f' sud that
(b,%)! [p] and f* embeds 7 in +.

(i) If (b,7)! [p], then there exist - and f' such that
(o,7)! [p] and f' embeds 7 in .
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Meyer & Sieber Examples 1

For procedure identib&t of type void — void X
distinct fromP, the following two programs are
equivalent.

let X =Cin P () end P()

From semantics of I-expression and application
[letx=cinP()end = [!'xP() c

= {(",rest(#) [(x=0)+ ", #) € [POI}
From semantics of function application and variabl

[POT = 1(,rest(")) [ (P) = (#0.p,$), ($3+!.") elpl}

U {(',!) |!(P) exists and is an intrin sic value}



Meyer & Sieber Examples 1
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o Combining previous two steps
[let x = cin P() end]
= {(,restres("))) | ' (P)= (#0.p,$), 3+ (xz=<)+!,")! [p]}
" {(!,!) | ! (P) exists and is an intrin sic value}
o Sufpces to show
31 " = resf(rest(!)), (#+ (x=0c)+ $,!) e[p],
3%" = rest(%), (#+ $, 9 < [ p]

o Construct embedding+oc! B+ (zx=c)+o
o |dentity on tree of

o Maps stack elements 8+ o  to stack elementstofx = ¢) + o
skipping top elementactv((x =c¢) +!)



Conclusions & Futur&\ork
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o Compositional relational semantics captures all
contextual information in state

o Currently do not deal with aliasing, although appro
can be extended

o Axiomatization for ¥torder case: [Aboul-Hosn &
Kozen, RelMICS O06]

o Extendable to objects, single inheritance



