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Tactics
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o Tactics and tacticals: Programs that represent and execute
several steps of deduction

o System-level constructs built with a separate language

o Coq, NuPRL, Isabelle all have Turing-complete programming
languages

o Higher-order logic programming languages with backtracking
[Appel & Felty, 2004]

o The price [Delahaye, 2000]:
o User has to learn two languages

o Developer has to create a separate infrastructure



More Problems
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o Inhibits flexibility in proof representation

o Explicit statement of proot steps vs. representation
with a tactic

o Writing a proof on paper: “We use congruence and
transitivity to replace a with 5. We perform a similar
substitution for the rest of the variables on the left.”



The Big Picture

PR LR B Tt ST P B DA A et S O BT AN e S SN st et = BTN 10 0 1 i e ISPy Bl s T o
o Formal representation vs. system-level representation

Logic for reasoning Proofs

Tactics Theorem relationships

Proof store/reuse
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Why the System Level?
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o Proof search

o Powerful tools for automatic proot generation

Representation

Tactics > Relationship to Theorems

Proof Search

PRSI




Goals
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o Represent tactics at the same formal level as theorems
and proofs

o Be able to translate easily from tactics to the proots
steps they represent

o Represent tactics independently of search techniques
and algorithms



A Motlvatmg Example
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Consider a Boolean algebra (B, !, ", A, 0, 1)
with axioms of equality:
ref : lx. x==zx
sym : lzy. z=9y " y=x
trans : lz,y,z. z=y " y=2z" x==z
cong, : lwuy,z. x=y" (z#zx)= (2#y)
cong, : l!wyy,z. z=y " (2%x)=(2%y)
cong. : lzyz x=y " Ar=Ay
idemp, : lz. zH#Hz==x

Theorem 1: Ya. alNalNa = a



A Motlvatmg Example
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Theorem that follows: Va. aAaANaNa = a

aNaNaNa = alAa (Theorem 1, cong,)
aNa = a (idemp.)
aNaNaNa = a (trans)
From a. @" ay' %-a can get Va. aA...Na=a
— NI

n n-+1



Proot Representation
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o Based on publish/cite by Kozen & Ramanarayanan
o Universal Horn equational logic
o Individual variables X = {x,y,...}
o First-order signature 3’ = {f,g,...}
o Individual terms s,7,...
o An individual variable

o An expression f ;...t,, f 1S an n-ary function in >’
and 1;...t, are individual variables

o Equations d,e,... between two terms, s = ¢



Proot Representation
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o Theorem: A universally quantified Horn formula
VX1,....Xm. 1 — 19 — ... — | —
o * i : Equations (premises)
o ! : Equation (conclusion)
o I1,...,Tm: Free variables
o Arbitrary specialization through term substitution

o Vx,y,z. T=Y — TNz=YAz

with substitution [x/a,y/b,z/z]

becomes a = b — aANz= bAz



Proof Term
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A variable p
A constant: name of a theorem
An application 7t 7, where 7T and T are proof terms

An application 7T ¢, where 57 1s a proof term and 7 1s an
individual term

An abstraction Ap.t, where p is a proof variable and 7
1S a proof term

An abstraction Ax.T where x 1s an individual variable
and 7 1s a proof term



Proof Term
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o A case statement. cased of =p; = m

o A formula variable X

o A formula abstraction! X ."



Formula Extensions

o Formula variable X
o Recursive formula uX.p

o Sum formula

{0: =p1 + ...+ =pn + U1

m }



Typing Rules
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I'Fm:e — ¢ I'FT7:6€

Ih'p:e-p:e Ihc:popFC:p I'Em7:9

I'-7m:VX.p Ip:ekF71:p I'F7:0

C'Ext:pxit] EA\pr:e — o I'FEAX.7: WX
!|_7T1:g01 !|—7Tn:g0n !|_7'1:’¢1 !|_7‘m:¢m

| Fcase X of =p=my=>7:{X: P+ ¥}

L n:{d: =p + Y}

I o) Pi =0
| bri{6: =@ + ¥} y[z/f]= 6 or
l =70 0 €ex, ;. ey
L =7 L =7 VX
L EAX . VXY L Em o[ X/ ]
L = Apom s uX.p L Fwlp/Ap.r] i uX.p

| Fwp/Ap.n] - puX.p L = Apor s uX.p



o Apair L; T where
o L 1s the library of theorems T; = m¢,..., T, = m,
o7 1s a list of annotated proof tasks At m:

o Tactics are treated exactly as theorems



Proof Rules
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. | . .
(assume) L7, AlT:Y (ident) L; T
LT, Ap:p! 7:9 LT, p:p! p:oy
(mp) L7, Al m:o" Y Al 7:0p
LT, Al mr1:
. cal .
(discharge) L£:7, Ap:elT:y
LT, Al \pr:e "
. | .
(publish) = T, tmiy
L,T=Xm:#p; T
(cite) £1,T = T . QO,EQ ) T (forget) ,Cl,T = 70 . gﬁ,ﬁg ) T
L, T=m:0,Lo:; T, ! 7w:p Ly, Lo T 7 . T[T/ «]
(inst) L7, Al Xm:#X
L:;T, Al mt:pxt]
. | . |
(norm) L;T Al (Ax.m)t (norm.,) L;T Al (A\pr) T

L;T Al wxlt]:p

L;T Al wlplt]:p



Proof Rules
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L: T, Ap:er!,{:" .. A,pert, ",
(case) , by AMPpTEer Tl P €

L; T, Fcase X of =e=p," =T :{X: =€ + "}
L. T, AF # of =" : %: #

(decase™) T, case # o =1,35=% T
L, T, AR, #
L; T, Ak # of =" ! %: # _

(decase) — CRET O =T3=% $;XIt]j=#
L: T, AF%Xt]:#
L, T, AF! oux
L:T, A&l :px."
L; T, AF&. :puX."

(unfold) — s
L. T, AF![p/&.]: uX."
L T X"

(publish”) T, ppX.$ PX.$ = VX.pX "

L, p=&X.8p.) VXX " : T
L., T=!:",Lo:; T, AT %:

(forgetl) 1 y 2 y 0 $
L, T=!:",Lo: T, AF! % $
L T Ak |

(normy) ’ (8X1) $

L:T AFLX/$]:"



Rule Summaries
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o (assume) (ident), (mp), (inst), (normy), and
(discharge) task manipulation

o (publish), (cite), and (forget): Library/task interaction

o (case)(decase), (decase)(fold), (unfold),
(publishr), (forgets): tactics



Tactic Rules
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o (case)Combine tasks into a case statement

o (decase)Unify against an equation and replace case
statement with the body of unified case

o (decase): Match case and replace case statement with
body of matching statement

o (fold)/(unfold): Roll/unroll tactic once to make proof
less/more explicit

o (publishr): Add tactic to library

o (forgeti): Unroll tactic application once to make step
explicit



Steps for Creatmg Tactics
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1. Use (assume)nd (ident) to add proof variable with
type of tactic

2. Create proof terms for cases of tactics using proof
variable from step 1 for recursive calls

3. Use (case)rule to combine terms created in step 2
into single case statement

4. Use (publishr) rule to publish tactic



A Tactic Type

uXvVeNaVY. X — {Y:z=2 + xAa=a}

VNN

Conclusion Forms of

Recursively , |
of tactic conclusion

calls 1tself



Typing and Search
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o Type system finds correct steps to apply 1n tactic

o Most of the work 1n finding proper case 1n case
statement

o Search procedure needed to type terms
o Only element that needs implemented at system level

o Formalization and search are separate!



A Motlvatmg Example
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Consider a Boolean algebra (B, !, ", A, 0, 1)
with axioms of equality:
ref : lx. x==zx
sym : lzy. z=9y " y=x
trans : lz,y,z. z=y " y=2z" x==z
cong, : lwuy,z. x=y" (z#zx)= (2#y)
cong, : 'wy,z. x=y " (2%x)=(2%y)
cong. : lzyz x=y " Ar=Ay
idemp, : lz. zH#Hz==x

Tactic: pX.VeVa.VY. X — {Y:x=2x + xAa=a}



A Motivating Example
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o Base case:
o Once trying to prove x = x, use reflexivity
o Use (cite), (inst), and (assume)
R:popbFretx:x=2x
o Recursive case:

o To prove zAa = a,recursively call tactic to prove
X = a, then use congx,idemp,, and trans



A Motlvatmg Example

PRI ELIRE S Bafiaan L Tt J B Pty AT DANT A Tty = I B Gt R b e S Nyt o BN, e APFUT SO
o Using (cite), (Inst), (assume)and (mp):
R:pprttrans (zAa) (aha) a :xA\a = a
(congn zaa (Rxa(xr=a) R))
(idempn a)

o Combine cases with (case) publish with (publish"):

R = Az.Aa.\Y.\AR. caseY of
(xr=1x) =refux
(rAa = a) = trans (xAa) (aAa) a
(congy x aa (R xa(xr=a) R))
(idemp, a)



A Motlvatmg Example

POSEPST TR e Tt g P B TPV A Tty 5= I L AL I s o S ot mes e VR PP SIS
o Application:
R (bAbAD) b (bAbAbAb=b) R : bAbAbAb =k
o Use (forgeti) and (norm) to make a step explicit:
- case(bAbAbAL = b) of : DADABAD = b

(r=z)=refx
(xrAa = a) = trans (xAa) (aAa) a
(cong raa (Rxa(x=a)R))
(idemp a)
o Use (decase}o replace case statement

= trans (bADAbLAD) (bAD) b : DABADAL = b
(congi (bAbAD) b'b
(R (bAD) b (bABAD =b) R))
(idemp: b)



Conclusions
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o Presented proot-theoretic approach treating theorems
and tactics at the same formal level

o Creation of tactics 1s independent of search strategies
and system-level considerations

o Can be combined with [Aboul-Hosn & Damhg;
Andersen 2005] to give scope to tactics

o Discover repeated citations and make them tactics:
proof refactorization



