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Abstract. Tactics and tacticals, programs that represent and execute
several steps of deduction, are fundamental to theorem provers providing
automated tools for creating proofs quickly and easily. The language
used for tactics is usually a full-scale programming language, separate
from the language used to represent proofs. Consequently, there is also a
separation between the use of theorems in proofs and the use of tactics.
Our goal is to represent tactics in a way that allows them to be treated
at the same level as proofs and theorems. We also want a representation
that allows us to formally translate tactics into the proof steps they
represent. We extend a system presented in [1,2] to represent tactics at
the same level as theorems and move freely from tactics to proof steps
and provide an example of its usefulness.

1 Introduction

Theorem provers such as Coq, NuPRL, and Isabelle provide extensive tools for
users to create proofs quickly with automated methods. Fundamental to these
systems is the use of tactics and tacticals, programs that represent and execute
several steps of deduction. The language used for tactics is typically a full-scale
programming language, separate from the language used to represent proofs.
Consequently, there is also a separation between the use of theorems in proofs
and the use of tactics.

Giunchiglia and Traverso succinctly state the properties desired for a tactic
language: the tactics should be expressions of a logical language in order to fa-
cilitate reasoning about them; and, there should be a correspondence between
the tactics as represented in this logical language and the programs that imple-
ment the tactics [3]. Syme calls the correspondence justifications, hints about
the proof manually specified for the automated tactics [4].

The ML-like languages for tactics in Coq, NuPRL, and Isabelle are generally
well suited to this task [5-7]. The tactics found in these systems are built from
basic inference rules into complex programs that can apply rules, choose between
tactics to apply, and analyze the current structure of a proof. These powerful
constructs can automate a great deal of the theorem proving process.

Appel and Felty have looked at implementing tactics in higher-order logic
programming languages such as Lambda Prolog and Twelf [8,9]. They use the



power of backtracking in these systems to facilitate the creation and execution
of tactics.

All of these approaches share one thing in common: they implement tactics
at a system level that is separate from the level of proofs and theorems. The
system-level implementation allows the tactics to be more powerful than the
underlying logic. The power is particularly important in the automated search
for proofs, where the user creates tactics and tacticals so that a theorem prover
can complete a proof with little or no interaction. In fact, it is this desire for
automation that drives the decision to separate tactics from proofs.

Despite being implemented at different levels, theorems and tactics have
much in common. Both store and repeat proof steps. They represent generalized
proving techniques used often within the theory in which they exist. Moreover,
both provide guidance and hints to a user regarding the completion of a proof;
proofs that share a few tactics or theorems are likely to share more. Nevertheless,
work in the area of tactics and tacticals focuses on developing automated proof
steps at the system level, separate from the underlying logic in which they work.

The power of the separate tactics language comes at a price, as explained
by Delahaye [10]. Separating the two languages requires a user to learn two lan-
guages when creating proofs and the developer to create a separate infrastructure
for debugging and validating tactics.

The separation between tactics and theorems also inhibits our flexibility in
proof representation. While tactics may be used to automate proof steps, they
are not represented in the completed proof; the tactics merely apply a sequence
of elementary inference rules that a user would perform manually without the
tactics. There are times when formally representing the tactics at the same level
as proofs can be useful, particularly when transferring a proof to a paper. If a
step in the proof is repeated several times by a tactic, we may want to perform
the step explicitly the first time and then say that the step is “repeated several
times in the same way.” We want to be able to represent such a statement
formally in the proof itself.

Our goal is to represent tactics in a way that allows them to be treated
at the same formal level as proofs and theorems, independent of their system-
level implementation. Many very useful tactics on commonly used algebras only
require simple constructs that can be represented easily in the same way as
theorems, not needing Turing-complete languages used in theorem provers. For
example, a tactic for substitution of equals for equals require congruence rules for
each operation in the algebra, the ability to iterate through several steps of using
different congruence rules, and the ability choose the appropriate congruence rule
at each step.

We also want a representation that allows us to easily translate tactics into
the proof steps they represent using proof-theoretic, formal rules. Such a repre-
sentation gives us the flexibility to make proofs more general by using the tactics
in the representation or more specific by using some or all of the individual proofs
steps.



Finally, the representation should be independent of search techniques and
algorithms used to implement automated proof search. While these issues are
important for a theorem prover, they are system-level decisions orthogonal to
the choices made in representing tactics.

In this paper, we propose such a representation. We extend a system pre-
sented in [1, 2] to represent tactics at the same level as theorems and move freely
from tactics to proof steps. We formalize several common tactics and propose
a way to represent them in our proof system. We then provide formal rules for
creating and manipulating tactics and their use in proofs. Finally, we provide an
extended example for creating a simple tactic and using it.

2 A Motivating Example

Consider reasoning about a Boolean algebra (B, V, A, =, 0, 1). Boolean algebra
is an equational theory, thus contains the axioms of equality:

ref :Vo. z ==z (1)
sym:Vr,y. r=y — y==zx (2)
trans :Vo,y,2. 1=y — y=2z — T =2 (3)

cong, :V,y,z. x=y — (2Ax) = (2Ay) (4)
cong, :Vz,y,z. z=y — (z2Vza)=(2Vy) (5)
cong_ :Va,y,z2. x=y — —x =y (6)
idemp, : Vz. Az ==z (7)

Let us look at a particular form of tactic. It is easy to see that the axiom idemp,
allows us to prove
Ya. ahaha=a (8)

Once we have the proof of (8), we can use it to prove
Ya. ahahaha =a (9)

in the following way. From (8) and cong with the substitution [z/a \ara, y/a, z/a],
we can deduce
aNaNaNa = ala (10)

We then use idemp, to get
ala =a (11)

Finally, we apply trans to (10) and (11) with the substitution [x/aAaAaAa, y/aN
a, z/a) to conclude
aNaNaNa = a

which is true for arbitrary a, yielding our desired conclusion (9). We can continue
to prove a theorem like this for n + 1 occurrences of a using the proof for n
occurrences of a.



The form of this proof is typical: an inductive argument where we use the
result from one proof to prove a step in the next proof. We wish to generalize
this kind of proof as a tactic that allows one to represent the execution of several
steps of the proof either with the tactic itself or with the individual proof steps.

The need to recover the steps is important, particularly for presentation.
Imagine one proves a theorem such as (9). Given that the proof steps are similar
and repeated, one may wish to state the proof step explicitly once and then
capture the rest of the iterations with one statement.

3 Tactic Representation

For representing tactics, we extend a proof representation system designed to
create, remember, and reuse proofs from [1,2]. The papers present a publish-
cite system, which uses proof rules with an explicit library to formalize the
representation and reuse of theorems and lemmas. The system uses universal
Horn equational logic, and we do as well, since it is a good vehicle for illustrating
the organization and reuse of theorems. There is no inherent limitation in the
system that requires the use of this logic; it could be extended to work with
more complex deductive systems.

We build theorems from terms and equations. Consider a set of individual
variables X = {x,y, ...} and a first-order signature ' = {f, g, ...}. An individual

term s,t,... is either a variable x € X or an expression ft;...t,, where f is
an m-ary function symbol in X and ¢; ...t, are individual terms. An equation
d,e,...1is between two individual terms, such as s = t.

A theorem is a universally quantified Horn formula of the form

VEi, ... Zm. @1 — Qg — -0 — o, — 1 (12)

where the @; are equations representing premises, 1 is an equation represent-
ing the conclusion, and z; ...x,, are the variables that occur in the equations
©1y-- 5 Pn, . A formula may have zero or more premises. These universally
quantified formulas allow arbitrary specialization through term substitution. An
example of this is the use of cong, with substitutions to get (10).

Next, we must define a proof term. For simplicity, we use the model presented
in [1]. Let P be a set of proof variables p,q, . ... A proof of a theorem is a A-term
abstracted over both the proof variables for each premise of a theorem proven
by the proof and the individual terms that appear in the proof. A proof term is:

— a variable p € P

— a constant, referring to the name of a theorem

— an application 77, where m and 7 are proof terms

— an application nt, where 7 is a proof term and ¢ is an individual term

— an abstraction Ap.7, where p is proof variable and 7 is a proof term

— an abstraction Az.7, where x is an individual variable and 7 is a proof term

When creating proof terms, we have the typing rules seen in Table 1. These
typing rules are what one would expect for a simply-typed A-calculus. The typing



environment I" maps variables and constants to types. According to the Curry-
Howard Isomorphism, the type of a well-typed A-term corresponds to a theorem
in constructive logic and the A-term itself is the proof of that theorem [11].
For example, a theorem such as (12) viewed as a type would be realized by a
proof term representing a function that takes an arbitrary substitution for the
variables x; and proofs of the premises ¢; and returns a proof of the conclusion

.

I'p:ekp:e Lic:pbkc:p
I'Fm:e - ¢ I'kFT1:e I'7m:Vx.p
I'trr:9 I'tmt:o[z/t]
Ip:eb1:¢ I'E1:¢
I'Mp1:e — ¢ I'EXz.m :Vz.p

Table 1. Typing rules for proof terms

We use the following notation throughout the rest of the paper:

— T is a set of elements {z1,...,z,}.
— [T /t] means for all i, replace z; € T in ¢ with ¢; € .
— T : @ is the list of proof term typing statements 7y : 1, ..., 7, : ©p.

In order to use tactics, we introduce a few new proof terms:

— A case statement,
case 0 of =p; = m

where 6, ¢1,...,0n,¥1,...,¥y are formulas and 7y,...,m,, T1,..., Ty, are
proof terms. The case statement is very similar to the one in Standard ML.
We look at the structure of § and match it against the types in the body
of the statement. There are two kinds of matches that can occur. We can
exactly match the type § with a type ¢;, signified by the =, or we match
a type 0 against a possible unification, 1;. The difference is that a type &
matches a case =p; if § = ¢;, whereas it matches a case 9, if there exists a
substitution such that 6 = v;[/t]. The proof to the right of the = of the
matched case is a proof of the type §, as enforced by the type system.

We use the notation =p = 7 to represent =¢; = 7 ... =¢, = 7, and
1 = 7 to represent 1 = T1 ... UVp = Tpn-




— A formula variable X, representing a quantified or unquantified formula

— A formula abstraction AX.w, where X is a formula variable and 7 is a proof
term. We need this proof term in order to abstract over the § found in the
case statement.

To support tactics, we extend formulas with recursive types [12],[13, Ch. 20].
We require the addition of three types:

— A formula variable X.

— A recursive formula pX.p, where X is a formula variable and ¢ is a formula.

— A sum formula {6 : =p1 + ...+ =¢on + Y1 + ... + ¢} where
8,015+ s Pnsth1y - - -, Y are formulas. We use the notation {§ : =@ + ¢} to
represent {0 : =¢1 + ... + =p, + Y1 + ... + ¥ }. The sum formula
is closely related to the case statement, as will be apparent when examining
the typing rules. In fact, we refer to an individual =¢; or ¢; in a sum formula
as a case.

The typing rules for the new proof terms are in Table 2. With the presence
of abstraction over type variables, we need to type the formulas with kinds [13,
Ch. 29]. The kinds primarily provide information for matching a formula with
a case in a sum formula. Kinds are built from a base kind % and the first-order
signature X' = {f,g,...}. A kind term $.,t. is a base kind x or an expression
f t1s ... tne where f is an n-ary function symbol in X' and tq,...,t,. are kind
terms. A kind equation d,, e, is between two kind terms, such as s, = t,.

For the most part, kind information is implicit; the kind s, = t, of an equa-
tion s = t is formed by replacing all variables in s and t with *. However, we
may want to be explicit about kind information when the kind is more specific
than the type. For example, the type x = y implicitly has the kind % = *. If we
mean for it to represent a more specific kind, say, *V* = xAx in our Boolean
algebra example, we would have to specify the kind explicitly with the notation
(x =y : xVx = xAx). A type’s explicit kind can never be less specific than its
implicit kind, i.e., /Ay = y cannot have the kind * = x. We use the explicit kinds
to match formulas with cases in the sum formula.

The type of a case statement with a formula variable X is the sum formula
formed from the types of the proofs in the body of the statement. The second
and third typing rules allow us to be more specific about a proof with a sum
formula type. The type of a proof with a formula ¢ is § if either ¢ is equal to one
of the ; or § unifies with or has the same kind as one of the ;.

The type of the formula abstraction is the universal quantification over that
formula. It is important to note that this is not the same as an abstraction over
a proof variable p with the type ¢. A term Ap : . would have the type ¢ — ),
where v is the type of m. When typing the application of a formula abstraction,
the replacement of X with ¢ requires us to use the kind information. The only
place such type variables appear is in case statements.

Finally, we have typing rules for proof terms with recursive types. The two
typing rules correspond to unfolding and folding the proof term. We take an equi-
recursive approach to the recursive types. In other words, uX.p is equivalent to

e[ X/nX.g].



I''tm:p1 ... I'tapiwn I'Frmiitn o0 T'ETm i,
I'Fcase X of =p=m=71:{X: p + ¥}

'Fa:{6: =p + ¥}

I'Fm:o pi=0
PEm:{6: =3 + ¢} [T/ =6 or
I'Fm:é6 0 ex, it e
I'Fm:v I'Em: VX
I'EAX.7: VX I'tm oYX/
'k Xpr:pXp ' wp/dp.m): pX.p
I'tnlp/Ap.7]: pX.p I'FXpr:pX.

Table 2. Typing rules for new proof terms

From the standpoint of an automated theorem prover, it is our type system
that does most of the work of finding the correct steps to apply from a tactic.
Most of this work is in choosing the correct case when applying a case statement
to a type 6. Without any restrictions, § may match several cases, requiring the
type system to search though an exponential number of possible proofs. It is
this search problem that makes implementing theorem prover tactics difficult.
We regard the search problem as an implementation issue separate from the
issue of formally representing tactics that we deal with in this paper. For the
sake of this paper, we assume that when matching a type against possible cases
in a case statement, we only explore the first match found, which removes the
need for search at all.

We provide several rules for creating and manipulating proofs. The rules
allow one to build proofs constructively. They manipulate a structure of the
form L;7, where

— L is the library of theorems, Th = 71,..., T, = m,
— 7 is a list of annotated proof tasks of the form A - 7 : ¢, where A is a list
of assumptions, 7 is a proof term, and ¢ is a formula.

The proof rules can easily be extended to handle theorem scoping as in [2].

In Table 3, we present the rules for basic proof manipulation. The rules are
very similar to the ones in [1]. One difference is that the (ident) and (assume)
rules allow one to introduce assumptions with formula types and not just equa-
tions. We also add the (inst) rule, which allows us to instantiate variables over
which a proof term is abstracted. Before, this was handled by the (cite) rule,
but new rules give us the ability to have term abstractions in proof tasks, so we
need to instantiate explicitly.

We also have (normy;) and (norm,) rules for performing §-reduction on
applications of A-abstractions over terms and proofs, respectively. It is important



(assume) LT, AFT:9
LT, Ap:obT1:9
0 T
(ident) £;
L;T, p:obp:e
LT, Abnm:p — AbT:
(mp) = p = ¥ @
L;T, AbnT1:9
; ek T
(discharge) £;7, Ap:ebr:¢
LT, AFdpr:ie — ¥
(publish) = T, Friy
LT=Xzn:Vz.p; T
(cite) Li,T=m:9,Lo; T
Li,T=m:9,Ls; T, Fmw:p
. L; T, A dv.w: V.
(inst) d
L; T, AFmt:px/t]
(norm,) LT AF(dxm)t
L; T Abwx/t] o
(norm,) L; T AF (Apm) T
P
L; T Abxp/t]: @
(forget) Li,T=m:¢,Lo; T

£1,£2[T/7T] 3 T[T/ﬂ'}

Table 3. Proof Rules for Basic Theorem Manipulation

to note that the (norm;) rule does not replace z in a proof in a case of a case
statement where we perform unification if z occurs in the type for that case. In
other words, for the proof term

case X of =p=m,¢=71:{X: =p + ¥}

we do not replace x in 7; if it occurs in ¥;. We do, however, replace = in any of the
m; and ; in which they occur. This behavior is not unlike the case statement in
Standard-ML. The (forget) rule allows us to remove a theorem from the library.
With the possibility of recursive proof terms, the (forget) rule must perform its
replacement of T with 7 and normalization repeatedly until 7" no longer appears.

In Table 4, we introduce the proof rules to create, use, and manipulate the-
orems and tactics. The (case) rule combines existing proof tasks into a case
statement. The types variable X can be unified with one of the types ¢1,..., @,
or matched exactly with one of types of the assumptions p1, ..., p;. These types
must be equations. The (decase™) and (decase) allow us to determine which



L; T, Aprebm:p1 ... Apebm:p,
(case)
L;T, Fcase Xof =Ze=pp=7:{X: =e + @}
T, AF f=p=nm :
(decase™) L; T, cased of =p=m, =171 6%:5
L; T, Abm:6
: + == =rT:
(decase) L; T, Abcasedof =p=>m,¢p =17 61/1i[5/ﬂ=5
L:T, Arbx[x/t]:6
(fold) L; T, Armnlp/Ap.r]:puX.o
L; T, AFdpm:pX.p
(unfold) L; T, AFdpm:pX.p
L; T, Arxwp/Apr]:puX.p
(publish”) £ T piXYET IO v VX

Lp=XTApm:VZ.uXp; T
Li,T=m:90,Lo; T, AT 7:%
Li,T=m:0,Lo; T, AbmT:%
L;T AF(AX.m)

L; T Abn[X/Y]: e

(forget:)

(normy)

Table 4. Proof Rules for Tactics

case the type 0 matches and replace the case statement with the proof term for
that specific case.

The rules (fold) and (unfold) are standard rules one would expect for deal-
ing with recursive types. The (publish”) rule allows us to publish recursive
proof terms. In other words, these are tactics that use themselves in the proof.
Recursion of this nature is very important for tactics; we want to be able to
repeat proof steps several times, such as in our example in Section 2. The rule
takes a proof task with a single assumption of a recursive type and moves it to
the library. The name assigned to the theorem is the same as the proof variable
in the assumption. It is also necessary that the type of the proof variable and
the type of the proof term added to the library are equivalent.

We add the (forget;) rule, which functions much like (forget), except we
replace a theorem name with the proof of that theorem in only a single applica-
tion in a single proof task and we do not remove the theorem from the library.
This rule allows us to make explicit one step in the application of a tactic. Fi-
nally, the (normy) rule performs §-reduction on applications of A-abstractions
over formulas.

The steps in creating a tactic with several cases that recursively call the
tactic would be as follows:

1. Use the (assume) and (ident) rules to add a proof variable with the type
of the tactic to be created.



2. Create the proof terms for the cases of the tactic, using the assumption
added in step 1 for the recursive calls.

3. Use the (case) rule to combine the proof terms created in step 2 into a single
case statement.

4. Use the (publish”) rule to publish the new tactic.

4 A Constructive Example

We can provide a tactic for our example in Section 2. First, we give a general
description of the proof steps in our tactic. For a given = and a, if we want to
prove zAa = a, we use a recursive tactic that is quantified over an equation Y.
If Y is of the form z = z, then we use ref to prove the equation true. If Y is of
the form zAa = a, then it suffices to apply trans to proofs of zAa = aAa and
aAa = a. The latter follows directly from idemp,. For the former, we use conga
on a proof of x = a, which we obtain by recursively calling the tactic.
Let

vr = pXVzNMaVY. X - {Y:z=2 + zha=a}
First, we use (ident) to create a proof task
R:prtF R:pRr (13)

Next, let us create the cases of our tactic. We first create what will be the “base
case” for our recursion. We use (cite), (inst), and (assume) to get the proof
task

R:ppbrefr:z=2x (14)

For the recursive case, we use (inst) on (13) and the fact that we use equi-
recursive types to get

R:prFRxza(x=a:x\x=x) (15)
tpor — {(x=a:xAx=x%): x =2 + xAa =a}

We have made the kind of z = a explicit in order to make sure it matches the
xAa = a case in our sum formula type in ¢r. Next, we use (mp) on (15) and
(13) to get

R:oprtRza(x=a:%Ax=%) R:(z=a:xNx=x) (16)

For the rest of the example, we do not show the kind of x = a for readability.
To use congruence of A, we use (cite), (inst), and (assume) to add the task

R:prbconganzaa:z=a — xzAa=ala (17)
We combine (17) and (16) using (mp) to get

R:yprptconganzaa (Rxa(x=a)R):xzANa=ala (18)



For the proof of aAa = a, we use (cite), (inst), and (assume) to add the proof
task
R:prtidempy a:aha=a (19)

We introduce transitivity with (cite), (inst), and (assume)

R : gt trans (xAa) (aAa) a: zAa =ala (20)
— alNa=a
— xAa=a

Two applications of (mp) with (20),(18), and (19) give the completed recursive
case for our tactic:

R: prttrans (zAa) (aha) a cxha=a (21)
(congn zaa (Rza(x=a)R))
(idempp a)

Now we use the (case) rule to combine (14) and (21) for our tactic:

R:ppt case Y of AY: z=2 + zha=a}
(x=x)=ref x
(xAa = a) = trans (zAa) (aha) a
(congr z a a
(Rz a (z=a)R))
(idempp a)

Finally, we use the (publish”) rule to publish the tactic as

R =Xz Aa.AY.AR.case Y of
(x=x)=ref x
(xAa = a) = trans (zAa) (aha) a
(congn zaa (Rza(x=a)R))
(idempa a)

The type of this tactic is
VeNaVY. ¢or — {Y: =2 + zAha=a}

Notice that Vz.Va.VY. ¢r — {Y :z =2 4+ zAa = a} is equal to g, which
is necessary for applying the rule.

We now have a tactic that given an x of the form aA...Aa will provide a
proof of aA...Aa = a. If applied to a term that is not of this form, the tactic
will not have a type.

We can now apply the tactic to create a new proof. We use the (cite) and
(inst) rules just as we do on theorems to create the proof task

F R (bADAD) b (BDADADAb =D) : o — bABABAb =D



We then use (cite) and (mp) to get the conclusion we desire.
- R (bAbAL) b (BABABAD = b) R : bABABAD = b (22)

We may want to make one step of the application of the tactic R explicit. First,
we use the (forget;) rule on (22) to replace the name of the tactic with its body
and then use the normalize rules to perform g-reduction to get

 case (bABAbADL = b) of :DADADAD =b  (23)
(x=x)=ref x
(xAa = a) = trans (xAa) (aha) a
(congn zaa (Rza(x=a)R))
(idempp a)

We can then use (decase) to replace the case statement with the specific case
that is matched, where bADAbAb = b unifies with xAa = a under the substitution
[x/bAbAL, a/b).

F trans (bADADADL) (bAD) b s bABADAD =D (24)
(conga (bABAD) b b
(R (bAbAD) b (bABAD = b) R))
(idemp, b)

Now one of the steps of the proof is explicit while the others are implicitly
captured in the application of the tactic R.

5 Conclusion

We have presented a proof-theoretic approach in which tactics are treated at the
same level as theorems and proofs. The proof rules allow us to create, manipulate,
and apply tactics in a way that is completely formal and independent of system-
level decisions regarding proof search. Many important tactics can be represented
in the relatively simple system we have demonstrated, particularly in algebras
such as our Boolean example.

Representing tactics at this level has several advantages for automated the-
orem provers, from both a user perspective and a developer perspective. For
users, powerful tactics can be created without needing to learn a separate tactics
language. However, the power of the language used to implement the theorem
prover can be harnessed to make proof search as complete and efficient as de-
sired. Additionally, when combined with the work in [2], tactics can be put into
a local scope and abstractions can be manipulated just as we can with theorems,
a powerful ability lacking from current theorem provers.

In the future, we plan to have a full implementation of tactics added to the
Java implementation mentioned in [2] for Kleene algebra with tests [14]. We
can then investigate the ability of the system to discover repeated citations in
proofs that can be abstracted out at lemmas. Given the structure of tactics
and theorems, detecting similar subproofs is a form of common subexpression
elimination, a process we call proof refactorization. With this system, one could
easily use tactics with a strong underlying formalism guiding their manipulation.
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